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Abstract We present a probabilistic model to mini-
mize the fingerprinting effort associated with the imple-
mentation of the “breeding without breeding” scheme
under partial pedigree reconstruction. Our approach
is directed at achieving a declared target population’s
minimum effective population size (Ne), following the
pedigree reconstruction and genotypic selection and
is based on the graph theory algorithm. The primary
advantage of the proposed method is to reduce the cost
associated with fingerprinting before the implementa-
tion of the pedigree reconstruction for seed parent–
offspring derived from breeding arboreta and produc-
tion or natural populations. Stochastic simulation was
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conducted to test the method’s efficiency assuming a
simple polygenic model and a single trait. Hypothetical
population consisted of 30 parental trees that were
paired at random (selfing excluded), resulting in 600 in-
dividuals (potential candidates for forwards selection).
The male parentage was assumed initially unknown.
The model was used to estimate the minimum geno-
typing sample size needed to reaching the prescribed
Ne. Results were compared with the known pedigree
data. The model was successful in revealing the true
relationship pattern over the whole range of Ne. Two to
three offspring entered genotyping to meet the Ne = 2
while 41 to 43 were required to satisfy the Ne = 14.
Importantly, genetic gain was affected at the lower
limits of the genotyping effort. Doubling the number
of parents resulted in considerable reduction of the
genotyping effort at higher Ne values.

Keywords Breeding without breeding · Pedigree
reconstruction · Selection

Introduction

Unraveling the genealogical relationships among mem-
bers of populations is of great importance to many
aspects of biological sciences. The availability of nu-
merous highly variable neutral DNA markers such as
microsatellites coupled with the development of so-
phisticated mathematical methods for pedigree recon-
struction (see Jones and Ardren 2003 for a review) has
made this task manageable. Pedigree reconstruction
has proven to be of substantial value to conservation
biology, ecological genetics, and, more recently, has
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been advanced as a complement to conventional tree
breeding methods (Lambeth et al. 2001; Grattapaglia
et al. 2004; El-Kassaby and Lstibu◦ rek 2009).

The “breeding without breeding (BWB)” concept
was proposed by El-Kassaby and Lstibu◦ rek (2009) as a
complement or even alternative to classical tree breed-
ing (see Massah et al. 2009). The method uses either
partial or full pedigree reconstruction to assemble un-
structured full- (FS) and half-sib (HS) families origi-
nating from natural mating among parents in breeding
arboreta and their eventual use in quantitative genet-
ics analyses for backwards, forwards, and combined
selection. Several factors affect the efficiency of the
proposed method; namely, (1) the number of parents
within a breeding arboretum, (2) the size of half-
sib family selected for fingerprinting and subsequently
pedigree reconstruction, (3) the effectiveness of pedi-
gree reconstruction in family assemblage (number of
loci used and their informative nature and the declared
types I and II error rates), (4) the level of gene flow (the
higher the gene flow the greater the number of uninfor-
mative genotyping events), (5) female and male fertility
variation, and (6) the quality of the open-pollinated
(OP) progeny testing. The number of parents in the
breeding arboreta, the portion of OP families selected
for fingerprinting, and the level of gene flow all directly
affect the DNA fingerprinting effort and ultimately
the cost associated with assembling half- and full-sib
families. To capitalize on the advantage of the proposed
BWB method, the size of investment associated with
DNA fingerprinting should be optimized. To address
the DNA fingerprinting cost, we subdivide the problem
into three components: (1) the genetic response to
selection, (2) the effectiveness of the pedigree recon-
struction model, and (3) the desired minimum effective
population size of the selected individuals needed to es-
tablish a production population (seed orchard). While
these components seem to be independent from each
other, their interplay can substantially affect the DNA
fingerprinting investment.

One way to optimize the sample size of each
OP family for DNA fingerprinting is to restrict the
within-family sampling to the top individuals based
on their HS-based breeding values. El-Kassaby and
Lstibu◦ rek (2009) presented evidence that the genetic
response to selection, in BWB, is a function of the
proportion of male parents entering the pedigree re-
construction, and furthermore, they demonstrated that
with fingerprinting a relatively small proportion of the
candidate population, significant genetic response can
be achieved in accordance with the theoretical ex-
pectations (unpublished results). This conclusion holds

true not only for simple truncation selection, but also
for constrained selection, where the constraint is the
effective population size. This is the selection method
used by practitioners, e.g., where the goal is to establish
a seed orchard with a prescribed effective population
size.

While the El-Kassaby and Lstibu◦ rek (2009) study
was based on a retrospective approach, in the cur-
rent study, we are investigating the minimum DNA
fingerprinting efforts with respect to the effective pop-
ulation size (Ne) with the primary question: how many
individuals should be genotyped/fingerprinted in order
to meet the declared minimum Ne? This assumes no
a priori knowledge of the relatedness patterns due
to sharing of common male parents. We developed a
probabilistic model to assist in calculating the appropri-
ate sample size needed to plan the DNA fingerprinting
activities, and consequently the focus is directed to
determining the minimum numbers of individuals re-
quired, rather than the actual costs. A cost function
could be developed specifically, taking our model into
consideration.

Model

General description

Our main goal was to select a set of unrelated indi-
viduals from a large candidate population originated
from open pollination among members of a breeding
arboretum. The selected individuals will be used to es-
tablish a production population (seed orchard) through
what is known as forwards selection. The genealogical
restriction among the selected individuals, in this case,
requires selecting only one single individual from every
HS family. Assuming that the original founders (par-
ents within the breeding arboretum) were all unrelated
(total of ns), then it is advantageous to select the single
offspring with the highest predicted breeding value
within each HS family, where the resulting effective
population size (Ne) of the orchard is simply deter-
mined by the number of selected families (i.e., complete
avoidance of full- or half-siblings). It should be pointed
out that this breeding value is based on HS perfor-
mance evaluation, thus, it is conceivable that some of
the selected individuals could be sharing common male
parents (which will be revealed during the pedigree
reconstruction). This inevitably reduces the Ne, and this
reduction will be proportional to the number of male
parents in the breeding arboretum and could be further
reduced by the magnitude of male gametic contribution
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variance (i.e., male fertility variation). Conversely, if
many individuals per family were included in the geno-
typing phase prior to pedigree construction, this may
increase the genotyping cost without significant benefit
to the selection outcome. We, therefore, searched for
a set of n offspring whose effective population size is
greater than Ne with probability higher than a pre-
scribed probability P. In other words, the breeder is
choosing how many unrelated individuals should be
put in an orchard. Thus, the census number n will be
equivalent to the number of genotyped samples and
subsequently those used in the pedigree reconstruction.
This basic system is depicted in Fig. 1.

Prerequisites and key assumptions

Let N (μ, σ 2) denote the normal distribution with cor-
responding mean μ and variance σ 2. In this study, we
took advantage of the well-known property of location-
scale families, i.e., that two parameters are sufficient to
describe both location and shape of the distribution.
Second, the probability content within two and three
standard deviations of the mean is 0.9544 and 0.9974,
respectively. Thus, occurrence of values outside such an
interval is rare.

We assume a simple polygenic trait in a founder pop-
ulation consisting of unrelated and non-inbred trees.

Additive genetic effects (a) are normally distributed
N (μS, σ

2
a ), where μS is an arbitrary mean and σ 2

a is
a variance of additive effects. Random mating is as-
sumed, with no selfing or contamination by alien pollen
donors (thus, all potential parents could be identified).
Thus, nd offspring are distributed randomly across a
notional complete diallel scheme (including reciprocal
crosses, but excluding diagonal elements). Considering
a cross between female x and male y, the distribution
of additive genetic effects in their offspring is

N
(

ax + ay

2
,
σ 2

a

2

)
, (1)

where ax and ay are additive genetic effects of female
and male parents, respectively.

Hypothetically, seed is collected from each female
parent (e.g., plus-tree selections in a breeding orchard)
and the OP progeny trial is established. The orchard
has been in a reproductive age long enough that the
OP seed could be collected from each clone. For each
individual offspring, the mother tree is assumed known
and can be checked with 100% accuracy and the father
tree is initially assumed unknown.

Next, offspring are hypothetically measured at a
suitable selection age and sorted by the predicted ad-
ditive genetic values within each family. Based on our
model, the best set of n offspring is determined, and
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Fig. 1 Schematic model description showing: (1) random mat-
ing among the parental population (assuming panmixia and no
gene flow), (2) establishment of open-pollinated progeny test,
(3) ranking of offspring within each OP family based on their
maternal designation (half-sib), (4) selection of the top individ-

uals within each open-pollinated family for genotyping (n), (5)
offspring paternal assignment through partial pedigree recon-
struction, and (6) the establishment of a seed orchard with the
desired Ne (forwards selection). The goal of the model is to
estimate n to satisfy Ne with a probability P prior to genotyping
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these offspring are subjected to genotyping. New seed
orchard is then established out of the best unrelated
offspring.

The algorithm is based on the assumption that
there exists variation among additive genetic values
within a family, as expressed in Eq. 1. Each hypo-
thetical parental combination (i.e., family) in the ran-
dom mating scheme (diallel excluding selfing) is, there-
fore, characterized by a specific distribution. Since all
families share the same expected variance (polygenic
Mendelian segregation), the only difference among
respective distributions is due to the different expected
mean value (average parental additive value). Due
to this variability among families, a given distribution
(family) will be fully or partially merged with other dis-
tributions while some would be separated further apart,
potentially sharing only extreme observations. We can
then calculate a conditional probability of a specific
value a belonging to a collection of distributions.

For a given offspring i, one parent (female, x) is
known prior to the pedigree reconstruction. Let fx,y

be a probability density function for a given family (ex-
pressing the distribution of the additive genetic values
for a specific combination of female (x) and male (y)
parents, respectively). The conditional probability pi,y

of the ith offspring having a sire y is then given by

pi,y = fx,y(ai)∑ns
k=1 fx,k(ai)

, k �= x. (2)

Simulation scenarios

We simulated a population consisting of nS = 30
parental trees (contributing as both males and females)
and nd = 600 offspring in total (distributed randomly in
a complete diallel excluding selfing). This experiment
was repeated 100 times for every value of the parameter
Ne. Mother trees were assumed known and father trees
initially unknown. Parents were assigned randomly to
each offspring (satisfying constant family sizes) using
the polygenic model (Eq. 1) with the mean additive
effect set to 100 and the additive variance set to 100.

An alternative scenario consisted of nS = 60 and
nd = 2,400 with all additional input parameters being
equal to the first scenario.

Algorithm L

The algorithm works by choosing sets of offspring. It
estimates the probability pV that a set V contains Ne

independent offspring (i.e., no siblings) and uses this
information to evaluate the set. The best up-to-date set
is randomly modified to produce new sets, approach-

ing the most diverse ones using a simulated annealing
strategy.

We define a score function Score(V) which is used
to evaluate a given set of offspring V and to compare it
to alternative other ones. It is necessary to quantify the
proximity of the estimated p̂V to the target probability
value P. Increasing the pV value over the P value is
not considered ( p̂V beyond P provides no benefit). The
score function is then

Score1(V) = min( p̂V, P). (3)

Aside from the primary consideration (probability),
the set should contain trees with high additive genetic
(breeding) values—aV should be considered while the
set is formed. This inevitably compromises the max-
imization of p̂V (since a set with high aV is likely
derived out of a small number of elite families). From
the optimization perspective, aV should be considered
only as p̂V starts to approach P, (i.e., the algorithm
is approaching the space of valid solutions). There-
fore, a parameter ε has been introduced to regulate
the proximity (along the optimum) at which the aV is
considered:

Score2(V) = aV · (min( p̂V, P)/P)ε. (4)

Proper weighting of both scores (Eqs. 3 and 4 con-
sidered jointly) is controlled by the parameter κ :

Score3(V) = Score1(V) + κ · Score2(V). (5)

There is still a problem associated with this score
function. When the parameter Ne is high, it becomes
very difficult to identify solutions with p̂V > 0 at the
beginning of the algorithm. We tackle this problem by
enhancing the score with the estimate of the number
of independent trees ( ÎV) in the set. The final score is
then:

Score(V) = Score3(V) + ÎV · max(0, 0.5 − p̂V)

1,000
. (6)

Let Tmax be the number of tested samples (contain-
ing the desired set of n offspring) without any score
improvement, α is the probability of a type I error
associated with the pV estimate (defined later) and omax

is the maximum number of random arrangements for
estimating the pV . The algorithm is defined as follows
(please, note that n∗ denotes a provisional value):

(i) n∗ ← max(2, Ne − 1) {number of trees in the set}
nmax ← min(ns/2, nd)

(ii) W ← random sample of n∗ offspring {the best set
so far}
T ← 0 {number of unsuccessful trials}
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(iii) V ← modified W: each offspring in the set is
substituted (with a probability 1/n∗) by a random
candidate. If n∗ was increased, extra offspring are
randomly added to the set.

Score(V) ←

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

p̂V + κaV( p̂V/P)ε if p̂V < 0.5

+ ÎV(0.5 − p̂V)

1,000
p̂V + κaV( p̂V/P)ε if 0.5 � p̂V < P

P + κaV if p̂V � P

(7)

where

p̂V is the estimated probability of finding Ne

individuals within the set V, as computed by
algorithm M in the Appendix

ÎV is the estimated number of independent indi-
viduals in the set,
aV = 1

n∗
∑

i∈V ai

(iv) if V has a higher score then W, set W ← V and
T ← 0, {a better set was identified}
otherwise T ← T + 1

(v) if T = Tmax, then: {W has not been improved over
many iterations}

if p̂W � P, set nmax ←min(nmax, n∗+3)

{success: try higher n∗}
if n∗ � nmax, finish
n∗ ← n∗+1, T ← 0 {next iteration}

(vi) go to (ii)

Individual steps of the algorithm are described in the
following part.

ad(i) Variables are initialized. The initial set size
n∗ is Ne − 1, despite it is not satisfying the
requirements. The justification is that the al-
gorithm can find sets with p̂V > 0 more easily
(reminiscent of the introduction of ÎV into the
score).

ad(iii) A new set is created by modifying the best
existing set (the one associated with the best
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Fig. 2 Probability estimate (y-axis) plotted against n, x-axis. Different curves correspond to different prescribed Ne. Bolded curves
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score). If the new set should contain additional
offspring, random ones are added after this
modification. Finally, the score of the new set
is computed.

ad(iv) The score of the new set is compared with the
score of the best existing set. If the new one
is better, it is considered the best set further
on. The best set found in iteration n will be
denoted Bestn.

ad(v) The algorithm determines whether a sufficient
number of trials has passed without a change
in the score. If so, the number of individuals n∗
in future sets is increased. If the last iteration
has produced a feasible solution, the algorithm
performs a few additional iterations to find
solutions with higher genetic response.

Results

The model was successful in finding the declared set
of offspring with sufficient accuracy in both scenarios.
Collective results of all runs for nS = 30 are depicted

in Figs. 2 and 3. Every set of parallel lines corresponds
to one desired effective population size Ne. The x-axis
represents the genotyping effort (number of offspring
n entering the lab), the y-axis shows collective statistics
computed from the best sets of size n found in each run
r [Bestn(r, Ne)].

Medians, 25% and 75% quantiles of the estimated
probabilities p̂ computed over all runs R with the same
parameter Ne (scenario nS = 30) are provided in Fig. 2.
The bolded lines denote

median( p̂Bestn(r,Ne)) for Ne ∈
[
2,

nS

2

]
, r ∈ R, (8)

while the remaining lines denote 25% and 75% quan-
tiles.

The same statistics for the average additive effect
aBestn(r,Ne) are plotted in Fig. 3.

In both figures, we can study the progress towards
the desired values with increasing sample size n. Both
graphs show a pattern of sigmoid curves.

As the prescribed Ne increases to nS/2, high P
value becomes more important and the resulting ra-
tio n/Ne grows disproportionately (Fig. 2). Therefore,
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Table 1 Resultant census size
(genotyping effort, n) is
provided at each declared Ne
value

Results of individual
iterations were compared
with true values (number of
unrelated individuals).
Example: Let Ne be two. In
90 (out of 100) iterations, the
algorithm returned a group of
two unrelated individuals,
where in 89 iterations the
census size was equal to two,
and in the remaining one
iteration, it corresponded to
three. No success in declaring
two unrelated individuals was
reported in ten iterations
(these values are given in
parentheses)

Ne n truly matched:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2 2 (10) 89
3 1

3 3 (1) 11
4 (8) 55 25

4 5 (11) 48 40
6 1

5 6 3
7 (1) (15) 34 39 8

6 8 (2) 3 5
9 (1) (11) 31 31 15 1

7 10 (1) 2 2
11 (9) 40 33 13

8 13 (6) 27 38 14 3
14 (1) 2 6 3

9 15 1 1 1
16 (5) 23 34 24 4 1
17 2 3 1

10 19 (2) (2) 17 18 11 3
20 (2) (3) 21 13 8

11 23 (1) (5) 25 20 10
24 (1) (5) 9 16 8

12 27 1
28 (1) (11) 34 32 11 1
29 (2) 1 6

13 33 (1) 1 1
34 (2) (7) 34 26 3
35 (1) (1) 9 13 1

14 41 (1) 4 3
42 (11) 51 23
43 (1) (1) 4 1

much higher genotyping effort is required to achieve
the desired Ne with a reasonable probability.

A similar trend could be observed in Fig. 3. As ex-
pected, the additive effect decreases as the sample size
increases due to the inclusion of individuals to satisfy
the desired Ne. Maximization of the genetic response
is performed only when a suitable probability level
has been attained. It should be emphasized that higher
Ne leads in general to a serious reduction in expected
gain, which is something the breeder should carefully
consider.

Final estimates are compared with ground-truth
evaluation of the resultant sets at the same scenario

(nS = 30, Table 1). An agreement to the true values
was reported in 89 iterations out of 100, which cor-
responds to the desired probability value (P = 90%).
It is expected that a higher number of runs would
converge to 90% success. As indicated here, given a
sufficient number of runs, the algorithm is successful in
estimating the mean n. At higher Ne values, the solution
was nearby the upper limit nS/2. In many applications,
a higher number of parents is found and the Table could
be easily expanded to higher Ne values.

The effect of increasing the population size to 60
parents is presented in Table 2. While in lower Ne val-
ues, the effect is only negligible, with larger (and more

Table 2 Comparison of the genotyping effort in scenarios with 60 and 30 parents under constant prescribed P = 90%

Ne

2 3 4 5 6 7 8 9 10 11 12 13 14

n60/n30 1.00 1.00 1.00 1.00 1.00 1.00 0.94 0.86 0.77 0.70 0.65 0.60 0.56

Example: At Ne = 10, the genotyping effort in the scenario with 60 parents is 77% of the scenario with 30 parents
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realistic) Ne values, the genotyping effort is reduced
substantially.

Discussion

Pedigree reconstruction is a fundamental component
to the application of BWB for two essential reasons:
(1) changing the original pedigree matrix from being
entirely HS to a mix of HS and FS (this is needed for
the attainment of greater individual-tree breeding value
accuracy (Lynch and Walsh 1998)) and (2) coances-
try control during the selection phase of production
populations. Thus, the amount of experimental effort
(i.e., number of DNA fingerprinted individuals) will
greatly affect the cost and feasibility of BWB imple-
mentation. The development of mathematical algo-
rithms that effectively reduce the genotyping efforts
will be beneficial and directly support the application
of BWB.

In the present study, while we were primarily inter-
ested in presenting the model’s applicability, we used
simple scenarios to investigate the interplay among Ne,
n, and P. Our model can be used as a tool to estimate
the minimum fingerprinting effort with respect to the
declared Ne. As indicated above, final fingerprinting
effort is a function of additional variables, such as
the power of the pedigree reconstruction protocol, etc.
Therefore, efforts should be taken with the selection
of loci used (high polymorphism information content
value (Botstein et al. 1980)), minimal genotyping er-
ror and the use of appropriate pedigree reconstruc-
tion models. It should be stated also that the level
of gene flow to the breeding arboreta is expected to
increase the genotyping efforts and this increase is
proportionate to pollen contamination (Friedman and
Adams 1985; El-Kassaby et al. 1989). However, if the
realized selection differential between the breeding
arboreta and outside pollen source is far from zero,
it is expected that most of the extreme observations
(top-ranking individuals) within a family are sired by
selected parents (those with high general combining
ability). Such parents are easily identified during the
pedigree reconstruction. At the same time, most conta-
minating parents’ offspring would be ranked low within
each family and their respective contribution to the
selected set is therefore negligible.

An interesting result from this work is the observed
substantial reduction in genotyping effort when larger
parental population was simulated. With larger num-
ber of male parents, individual’s gametic contribution
is reduced, resulting in lower likelihood of sharing
an identical male parent. Thus, further reduction in

the genotyping effort is expected, even though this
would likely result in substantial reduction in genetic
gain due to lower selection differential of the parental
population.

An additional factor that might limit the number
of male parents captured from pedigree reconstruc-
tion is the male fertility variation commonly observed
in tree breeding arboreta and seed orchards (Schoen
and Stewart 1986, 1987). If male gametic contributions
should deviate from H-W expectations, conditional
probabilities should be calculated correspondingly, as-
suming that an estimate of actual gametic contribution
is available (see Funda et al. 2011). In our current
model, such estimates of male gametic contributions
could be used as an input. There are no restrictions on
the distribution of such contributions.

Conclusions

In this study, we presented a novel probabilistic model,
based on graph theory, to minimize the fingerprinting
effort needed for pedigree reconstruction for assem-
bling half- and full-sib families from open-pollination
in breeding arboreta or seed orchards. This model will
reduce cost associated with the implementation of the
“breeding without breeding” strategies. Computer pro-
gram is available from the corresponding author upon
request. The work also revealed a counter-intuitive
feature associated with reduced fingerprinting efforts
needed when larger parental populations were used.
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Appendix

ad(iii) Probabilities are estimated by the Monte
Carlo method:
Algorithm M
Let the number of all outcomes be denoted
as A and that of all successful outcomes as S.

(iM) Set A ← 0, S ← 0.
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(iiM) A ← A + 1
Assign randomly male parents to
offspring, so that ith offspring is sired by
a male parent y with a probability pi,y.

(iiiM) Find the biggest subset of offspring M
with all parents different. {algorithm
MinRedl2}
If |M| � N, increase S ← S + 1.

(ivM) If A � omax or
if P is outside the confidence interval
logit(S, A, α), {we reject H0 : p = P}
return result p̂ = S/A,
else go to (iiM).

ad(iiiM) The problem of finding the largest sub-
set of offspring with different parents was
converted to the problem of finding a
maximum matching in a general graph,
a well-developed subject in graph theory
(Agnarsson and Greenlaw 2008).
As a graph, we define a pair (V, E) contain-
ing a set of vertices V and edges E connecting
pairs of vertices. In our settings, the vertices
are declared as parents while the edges are
respective offspring. A pairing M is a subset
of E where no two edges share common
vertex. Vertices sharing an edge with a vertex
V will be denoted as its neighbors.
For finding maximum matchings in graphs,
we utilized the fast approximation algorithm
MinRed12 (MR) by Magun (1998).

(iMR) |M| ← 0
(iiMR) Remove all vertices without edges and all

duplicate edges;
consider vertex v with the lowest number
of neighbors �v .

Note: This vertex is always removed. Along
with the vertex, potential neighbor is re-
moved as well (this is determined by the
number of neighbors):

(iiiMR) If �v = 1, remove v and its neighbor w,
if �v = 2, remove v and merge its neigh-
bors w1 and w2,
else remove w with the lowest number of
neighbors �w.

Note: While the first case (�v = 1) is obvi-
ous, the second case (�v = 2) is question-
able (which one should be removed). As one
vertex must always be removed, the two are
simply merged. We are not interested at the
exact form of such a pairing. It is sufficient

to declare the number of paired vertices. If
�v > 2, a heuristic approach is used (this
is the only approximation step in the algo-
rithm). Let us choose a particular neighbor
w out of all potential neighbors v so that it
has the fewest number of neighbors. This one
is removed. The general idea is that vertices
with the lowest number of neighbors inter-
fere the least to the pairing among other ver-
tices. Details are provided in Magun (1998).

(ivMR) |M| ← |M| + 1 {Add edge vw to pairing}
If |M| � N, finish.
If there are any more edges in the graph,
go to (iiMR).

Note: We are testing a null hypothesis that
p̂ = P against the alternative that p̂ �= P. If
H0 is rejected, we can stop testing the current
set. As a result, an outcome of this algorithm
must always satisfy this testing, irrespective
of its exact score value.
For hypothesis testing, we will use the logit
interval, based on the approximation of bi-
nomial distribution of logit functions. Such
a function is used in the next step with the
exception that the exact binomial interval is
used for X = 0, 1, Z − 1, Z . If p̂ is inside this
interval, we are not rejecting the hypothesis.

ad(ivM) To test, whether the probability is estimated
accurately, an interval logit(X, Z , α) is used
in the algorithm, where X = number of suc-
cessful tests, Z = number of all tests, and α is
the probability of the type I error. The value
c = −0.5 is taken from Edwardes (1998).
Set

x = X − c, z = Z − 2c,

ϕ = exp
(

	(1 − α/2)

√
z

x(z − x)

)
,

where 	 is the cumulative distribution func-
tion for the normal distribution. Then

logit(X, Z , α)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈
0, 1 − Z

√
α/2

〉
if X = 0〈

1 − Z
√

1 − α,
x

x + (z − x)/ϕ

〉
if X = 1〈 x

x + (z − x)ϕ
,

Z√1 − α
〉

if X = Z −1〈
Z
√

α/2, 1
〉

if X = Z〈 x
x + (z − x)ϕ

,
x

x + (z − x)/ϕ

〉
else.
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